We consider the convective instability of the BEK family of rotating boundary-layer flows for shear-thinning power-law fluids. The Bödewadt, Ekman and von Kármán flows are particular cases within this family. A linear stability analysis is conducted using a Chebyshev polynomial method in order to investigate the effect of shear-thinning fluids on the convective type I (inviscid crossflow) and type II (viscous streamline curvature) modes of instability. The results reveal that an increase in shear-thinning has a universal stabilising effect across the entire BEK family. Our results are presented in terms of neutral curves, growth rates and an analysis of the energy balance. The newly-derived governing equations for both the steady mean flow and unsteady perturbation equations are given in full.
Introduction
There has been significant interest in the stability and transition of the three-dimensional boundary-layer flow due to the rotating disk (that is the von Kármán [1] flow) in recent decades.
The seminal study of the stability properties of the Newtonian rotating-disk boundary layer was performed by Gregory et al. [2] , and there the first experimental observation of stationary crossflow vortices and the first theoretical stability analysis are presented. Some years later, Malik [3] , utilsing the parallel-flow approximation, extended Gregory et al.'s high-Reynoldsnumber analytics and computed the neutral curves for stationary disturbances. Malik identified two distinct instability modes. The first mode (denoted type I), due to inviscid crossflow instability, was shown to be the dominant mode and was associated with Gregory et al.'s prior results. The additional second mode (denoted type II) was shown to be viscous in nature and attributed to external streamline curvature and Coriolis forces. In the same year, Hall [4] approached the problem rigorously and presented a high-Reynolds-number linear asymptotic analysis. Complete agreement between Hall and Malik's studies is found in the appropriate parameter limit.
Following these important milestones the seemingly simple system has continued to attract attention and it remains under active investigation to this day. The interested reader is referred to the literature for full information on the latest developments concerning the transition to turbulence via the generation of a non-linear global mode (see, for example, [5, 6, 7, 8] ).
This current paper is concerned with the stability characteristics of the family of boundarylayer flows attributed to a differential rotation rate between a lower disk and upper fluid in rigid-body rotation. Particular arrangements of this dual rotating system include the von Kármán [1] , Ekman [9] , and Bödewadt [10] boundary-layer flows. The von Kármán boundary layer arises when the lower disk rotates under a stationary fluid, the Ekman layer occurs when the disk and fluid rotate with approximately the same angular velocity, and the Bödewadt layer occurs when the fluid rotates above a stationary disk. There is a continuum of intermediate cases between these standard configurations and collectively these form the BEK family.
The mean-flow solutions of the entire BEK family for Newtonian flows are well understood [11, 12, 13] . In contrast, the stability characteristics of this family of flows has received relatively minimal attention, motivated largely by a desire to simply generalise the active research on the rotating-disk (i.e. von Kármán) system. In particular, Lingwood [14] presents local convective and absolute instability analyses of the Newtonian boundary layer and concludes that the limiting case of the rotating disk is the most stable configuration within the family. More recently, Lingwood and Garrett [15] discuss the use of mass flux through the lower disk as a potential flow-control mechanism. Various experimental studies concerning the stability, transition and control of these types of flows has been an area of more recent active research [16, 17, 18] .
It is our intention here to generalise Lingwood's original work in this area to incorporate the effects of non-Newtonian fluids. Our motivation is to explore the potential for using such fluids to optimise the performance of rotor-stator systems in engineering applications.
With regards to prior studies of the non-Newtonian boundary-layer flow over a rotating disk, Mitschka and Ulbrecht [19] were the first to extend the von Kármán similarity solution to incorporate fluids that adhere to a power-law governing viscosity relationship. That study, involving both shear-thickening and shear-thinning fluids, was later verified by Andersson et al. [20] in order to test the reliability of their numerical solutions. However, further to this, Denier and Hewitt [21] readdressed the problem showing that asymptotic matching considerations need to be taken in to account in order to able to accurately describe the flow of shear-thinning power-law fluids. In the shear-thickening regime it transpires that the boundary-layer solutions are complicated by a region of zero viscosity away from the wall. For these reasons, in this study, we will restrict our attention to moderately shear-thinning fluids only. For full details regarding the asymptotic structure of the solutions the interested reader is refereed to Denier and Hewitt [21] .
Much more recently Griffiths et al. [22] considered a rigorous asymptotic stability analysis of the shear-thinning boundary-layer flow over a rotating disk. This work was then extended by the same authors Griffiths et al. [23] to compute the neutral curves of convective instability (working under the parallel-flow assumption) and complete agreement was found with their prior asymptotic analysis. These two papers can be considered as the non-Newtonian generalisations of Hall [4] and Malik [3] , respectively. Griffiths [24] later extends the power-law studies to include the Bingham [25] and Carreau [26] models of non-Newtonian viscosity. He finds that a generalisation of the von Kármán similarity solution is applicable for a variety of different inelastic and viscoplastic non-Newtonian models.
In this current paper we extend the non-Newtonian, inelastic study of Griffiths et al. [23] , to the entire BEK family of rotating boundary-layer flows. A Chebyshev polynomial method is used to consider the effects shear-thinning power-law fluids have on the type I and type II modes of instability. This paper proceeds as follows: In Section 2 the steady boundary-layer flows of the BEK system for fluids with a governing viscosity relationship adhering to a power-law model are formulated and the profiles presented. A local convective instability analysis is presented in Section 3 and the neutral curves, critical Reynolds numbers, and convective growth rates are detailed for a variety of flow parameters. An energy-balance analysis is considered in Section 4 and finally our conclusions are drawn in Section 5. All newly-derived equations are presented in detail where appropriate in our discussion.
Formulation
We consider a family of incompressible, shear-thinning boundary-layer flows above an infinite rotating disk located at z * = 0. Distinct flows within this family are generated by a differential rotation rate between this solid boundary and a fluid in rigid-body rotation (see [14, 15] The continuity and Navier-Stokes equations in a frame of reference rotating with the lower disk, at fixed angular velocity, are expressed as follows
Here u * = (U * , V * , W * ) are the velocity components in cylindrical polar coordinates (r * , θ, z * ), t * is time, Ω * = (0, 0, Ω * ) and r * = (r * , 0, z * ). The fluid density is ρ * and p * is the fluid pressure.
The stress tensor τ * for generalised Newtonian models, such as the power-law model, is defined by
T is the rate of strain tensor and µ * (γ * ) is the non-Newtonian viscosity. The magnitude of the rate of strain tensor is given bẏ
For power-law fluids the governing relationship for µ
where m * is the consistency coefficient and n is the dimensionless power-law index. For n < 1
we have a pseudoplastic fluid where the viscosity decreases with increased rate of strain (i.e., shear thinning). For n > 1 we have a dilitant fluid where the viscosity increases with increased rate of strain (i.e., shear thickening). The classical Newtonian viscosity law is recovered for the particular parameter value n = 1.
The governing boundary-layer equations are formulated in a frame rotating with the lower disk, i.e., at Ω * D , and are expressed in cylindrical-polar coordinates (r * , θ, z * ) as
Furthermore, the viscosity function µ * 0 is given by
and (U * 0 , V * 0 , W * 0 , P * 1 ) are the leading-order velocity and pressure components. A generalisation of the exact von Kármán similarity solution is required in order to solve for the steady mean flow relative to the lower disk. This is expressed in non-dimensional form as
where
.
Here (U, V, W ) are the dimensionless radial, azimuthal and axial velocities, respectively, P is the pressure, and ν * = m * /ρ * is the kinematic viscosity. The dimensionless similarity coordinate is defined by
is the non-dimensional length scale.
The system rotation rate is given by
These quantities define the Rossby number, Ro, which defines each particular flow within the BEK family
Defining also the Coriolis parameter,
leads to the particular flow cases being identified by
Bödewadt flow:
Ekman flow:
von Kármán flow:
Substituting (4) into (3) gives the following non-dimensional equations for the mean flow:
where the primes denote derivatives with respect to η and (8) is entirely consistent with the non-dimensional equations for the Newtonian mean flow given in the literature [14, 15, 27] .
The system of equations (8) are subject to the following boundary conditions
and the resulting non-linear ordinary differential equation system can be solved easily using a double-precision fourth-order Runge-Kutta integrator incorporating a Newton-Raphson searching method. Table 1 states the values of U (0) and V (0) arising from the shooting procedure.
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The resulting mean-flow profiles are presented in Figure 1 for various values of Ro. It is noted that the (U, V, W ) profiles for Ro = −1 are identical to those obtained by Griffiths et al. [22, 23] which are not included here. Furthermore, when n = 1, complete agreement is found at each Ro with the Newtonian profiles reported in the literature [14, 15, 27] .
For Ro = −1, only the radial mean flow is inflectional for all values of power-law index n.
However, all mean flows (radial, azimuthal and axial) profiles become inflectional and the wall jet is increased with increasing Ro for all n. Furthermore, it is interesting to note that the oscillation of the mean flows is damped as the power-law index n is reduced for all values of the Rossby number. Table 1 : Numerical values of the mean velocity flow parameters U (0), V (0) and W (η ∞ ) for n = 1, 0.9, 0.8, 0.7, 0.6 and for various Ro. The value of η ∞ is chosen such that full converged mean flow solutions are obtained. 
Convective instability analysis
A local linear stability analysis is applied at a radius r * a by imposing infinitesimally small disturbances on the steady-mean flow at that position. Here the local Reynolds number is defined as
Note that this definition is such that the Reynolds number is negative for Newtonian flow (n = 1) when the Rossby number is negative. However, this is simply a consequence of the formulation and all results will be given in terms of positive R for all Ro and n. We see that the
Reynolds number can be interpreted as the non-dimensional location of the local analysis, and increasing R in magnitude corresponds to moving radially outwards from the axis of rotation (irrespective of the sign of the Rossby number).
The non-dimensionalising velocity, pressure and time scales are r *
a Ω * Ro), respectively. The leading-order pressure terms in the radial and azimuthal momentum equations are retained, allowing for the inclusion of the disturbance pressure terms in the respective linear disturbance equations. The instantaneous non-dimensional velocities and pressure are defined as
where η = η(r, z) = r (1−n)/(n+1) z and u,v, w and p are small perturbing quantities.
Note that the scalings used in (4), (5) and (10) are a generalisation of the similarity solution introduced by Mitschka and Ulbrecht [19] for the von Kármán system under the power-law model. When Ro = −1, these expressions are consistent with those used by Griffiths et al. [22, 23] , and, when n = 1, they are consistent with those used in the Newtonian study of the BEK system by Lingwood [14] .
The dimensionless Navier-Stokes equations in cylindrical-polar coordinates are linearised with respect to the perturbation quantities. The parallel-flow approximation is applied to ensure that the linearised equations are separable in r, θ and t. In practice this involves ignoring variations in the Reynolds number with radius by replacing the variable r with R (n+1)/2 /Ro, and by neglecting the O((Ro/R)) 2 ) terms. Furthermore, it has been necessary to set each factor Ro j to unity, where j is some expression involving n − 1. This approximation is necessary to insure the continuity as Ro is varied from −1 to 1. The resulting linear disturbance equations are given by
where the disturbance viscosity function is given bŷ
We now suppose that the perturbation quantities have the normal-mode form consistent with the prior non-Newtonian analyses [14, 15, 27] ,
and similarly for v, w and p. Hereû,v,ŵ andp are the spectral representations of the perturbation velocities and pressure, respectively, α = α r + iα i and β * = β/Ro are the complex radial and real azimuthal wave-numbers, and ω is the frequency of the disturbance in the frame rotating with the lower disk. The perturbation equations now reduce to
The modified wavenumber and orientation angle typically used in asymptotic analyses (see Griffiths et al. [22] ) are then given by
and
Note that additional viscous termsμU andμV appear in our perturbation equations (13) and these are due to the first-order terms of the cross-product associated with the generalised binomial expansion of the perturbed viscosity function. The study of Griffiths et al. [23] neglects these terms along with other η/R terms. However, here our solution method is such that all µU ,μV and η/R terms can be retained. This represents a small deviation from Griffiths' prior study of the von Kármán flow (Ro = −1) but should be considered as an improvement.
Consistent with Griffiths' analyses, we note that when n = 1, the perturbation equations are not entirely consistent with the Newtonian set of transformed perturbation equations used by Lingwood [14] , Lingwood and Garrett [15] for Newtonian flows. This minor discrepancy is due to the boundary-layer approximation used to construct the steady mean-flow solutions in this general non-Newtonian formulation. Further details on this are given in the literature [23] .
In much the same way as presented by Alveroglu et al. [27] , we solve the perturbation equations (13) using a Galerkin projection in terms of Chebyshev polynomials. This enables solutions of the dispersion relation D (α, β, ω; R, n, Ro) = 0 to be obtained at each (R, n, Ro)
with the aim of studying the occurrence of local convective instability at each parameter triple.
Chebyshev polynomials permit significantly higher accuracy than standard finite-difference methods and this motivates their use here. Furthermore, as discussed by Alveroglu et al.
[27], this approach has two additional advantages over the shooting method used in the literature [14, 15, 23] . Firstly, the perturbation equations are solved in terms of primitive variables not transformed to a new system; this permits the retention of a number of terms otherwise neglected (as discussed previously). Secondly, all eigenvalues can be obtained simultaneously instead of searching iteratively from some initial guess.
Consistent with all other stability analyses in the literature, the perturbation equations (13) are subject to boundary conditionŝ
These represent the no-slip condition on disk surface and ensure that the disturbances are contained within the boundary layer. All calculations use a Gauss-Lobatto grid with 100 points distributed via an exponential map between the lower disk surface η = 0 and the top of the domain η = η ∞ . Further increases in the resolution and spatial extent of this grid were found to have no numerical effect on the stability results. Figure 2 present the neutral curves in the R-κ and R-φ planes where κ and φ denote the wavenumber and wave angle, respectively, and are defined in (14) and (15) . The neutral curves are seen to have a two-lobed structure demonstrating that both the type I and type II modes exist in the non-Newtonian system. In particular, the upper lobes (in the R-wavenumber planes) correspond to the type I mode and the smaller lower lobes to the type II mode. Critical
Neutral curves and critical Reynolds numbers
Reynolds numbers for the onset of both modes are presented in Table 2 . We note that Figure   2 (a) is consistent with the neutral curves generated by Griffiths et al. [23] for Newtonian disk flow, Ro = −1 and n = 1. However, slight differences in the numerical values of the critical Reynolds numbers are found owing to our inclusion of the additional viscous termsμU ,μV and η/R in the perturbation equations. It is interesting to note that these terms lead to growth in the relative size of the type II mode as n is decreased (as compared to Griffiths' results).
In addition, the critical Reynolds numbers are reduced in comparison with Griffiths' numerical results (as predicted by [22] ).
The neutral curves in Figure 2 and critical Reynolds numbers in Table 2 suggest that decreasing the power-law index (n < 1) has a stabilising effect on both the dominant type I mode and secondary type II mode for all Ro. That is, shear-thinning fluids act to stabilise the von Kármán, the Ekman, the Bödewadt, and all intermediate boundary layers. Figure 2 (b), (c), (d) and (e) further suggests that, while reducing the associated critical Reynolds number, reductions in n act to promote the appearance of the distinct type II mode. Figure 3 presents the convective growth rates for the dominant type I mode at R = R c + 25
Convective growth rates
againstn for Ro = −1, −0.5, 0 and for variousvalues of n. Heren =βR is the number of spiral vortices around the disk surface, and R c denotes the critical Reynolds number for the onset of the type I mode for the particular n and Ro. That is, we sample the growth rate a fixed distance into the convectively unstable region for a variety of flow configurations. The figure reveals a universal stabilising effect on the growth rates as n decreases; this is in addition to the stabilising increase in R c with reduced n as identified previously.
It is interesting to note that the maximum growth rate (identified with a red dot) is pushed to a highern. That is, although we might expect the delayed onset and weaker growth of the disturbances for shear-thinning fluids, the number of spiral vortices, at the maximal growth rate location is comparatively larger. We return to these most amplified modes in the energy analysis of Section 4.
Note that it is not possible to show convective growth rates for Ro ≥ 0.5. This is due to the very early onset of absolute instability and associated "branch exchange" at these positive values of Ro. Further information on this can be found in the corresponding Newtonian study performed by Lingwood and Garrett [15] . 
Energy analysis
Following the work of Cooper and Carpenter [28] , Cooper et al. [29] and Garrett et al. [30] , an integral energy equation for the disturbances within the power-law BEK family is derived in order to gain insight into the underlying physical mechanisms behind the stabilising effects determined previously.
We follow Cooper's approach and derive the governing energy equations by multiplying the linearised momentum equations (11) by the disturbance quantities u, v and w, respectively.
These are then summed to obtain the following kinetic-energy equation for the disturbances
Here
is the kinetic energy and σ ij are the anti-symmetric viscous stress terms
Note that the O (1/R 2 ) viscous terms have been omitted to ensure consistency with the linearised governing stability equations. Furthermore, the derivatives with respect to t and θ are removed to obtain the steady, rotationally-symmetric nature of the disturbances. Moreover, we find that terms involving the functionμ can be neglected because of their negligible effect on the stability of the flow. The perturbations are averaged over a single time period and azimuthal mode and are then integrated across the entire boundary layer to obtain the following
Note that overbars denote a period-averaged quantity; for example, uv = uv * + u * v (where * indicates a complex conjugate).
The energy equation can be normalized for any eigenmode against the integrated mechanical energy flux in the following form
Note that the mathematical origin of each term is indicated by the numbered underbracing in Eqs. (18) and (19) .
As discussed by Cooper and Carpenter [28] , Cooper et al. [29] and Garrett et al. [30] , particular terms in equation (19) can be interpreted physically as originating from the following effects:
(I) the Reynolds stress energy production, The positive terms in the (19) contribute to energy production while the negative terms remove energy from the disturbances. A mode is therefore amplified when energy production outweighs the energy dissipation. That is, we have instability when α i < 0, which is consistent with the definition of instability used to generate the neutral curves in Section 3. Figure 4 shows the energy balance calculations for Ro = −1, −0.5 and 0 computed on the maximum amplified type I mode at R = R c + 25. That is, those modes identified with red dots in Figure 3 . The results confirm the stabilising effect on the type I mode for shear-thinning power-law fluids. This is due to a general reduction in the energy of the system. In each case the Reynolds stress (P 2 ) and conventional viscous dissipation (D) are the main contributors to the total energy, while the viscous dissipation energy removal term contributes to reduction of the total energy. It is clear that each of these effects is reduced as n decreases. Figure 4 demonstrates that the non-Newtonian viscosity terms, N 1 , N 2 and N 3 , have only a very slight effect on the type I instability mechanism. That is, although we have identified shear-thinning effects to be universally stabilising, this is due to the modification of the steady flows and their subsequent beneficial interaction with the inviscid instability mechanism. The calculation of the energy balance for the Bödewadt flow is not applied here because of the very early onset of absolute instability, as was discussed previously. 
Conclusions
We have investigated the stability of stationary convective disturbances in the BEK family of boundary-layer flows for shear-thinning power-law fluids. We have successfully generalised the work of Griffiths et al. [23] to this broader class of flows and also allowed for a number of mathematical terms that had been previously neglected in that analysis. As with Griffiths' study, the analysis has required the use of the so-called parallel-flow approximation. Although this may lead to some slight inaccuracies in our qualitative predictions, the use of this approximation is common in the community and is not expected to affect the quantitative conclusions made here.
Our newly-derived steady-flow solutions are perturbed and a linear stability analysis has been conducted. Both sets of governing equations are controlled by the power-law index (defining the extent of shear thinning) and the Rossby number (defining the global rotation rate).
The results presented show that shear-thinning fluids are expected to be stabilising for the BEK family of flows. In particular, we have shown that there is a stabilising effect on both the type I and type II modes. This is evident through a delayed onset of convective instability to higher Reynolds numbers and also qualitatively 'weaker' modes.
Our results have been confirmed by energy-balance calculations in order to obtain the underlying physical mechanisms behind the stabilising effects. This approach suggests that all physical processes (both energy production and dissipation) are weakened by the introduction of shear-thinning fluids. Furthermore, non-Newtonian viscosity is expected to play very little role in the dominant instability mechanisms. Rather our results suggest that their benefit comes from a modification of the steady flow profiles which, in turn, are more stable to inviscid type I effects.
With regards to our motivating industrial aims, we conclude that skin-friction drag in enclosed rotor-stator devices can be reduced through the use of shear-thinning lubricants. This would work by delaying laminar-turbulent transition, thereby utilising the lower drag forces arising from laminar flow.
There are several areas of research for future work on the current study. The results presented here could be extended to shear-thickening fluids and also alternative non-Newtonian viscosity models. Furthermore, this current study has been limited to stationary disturbances that are expected to be observed in all practical engineering applications where they are continuously excited by unavoidable surface roughness . However, where great care is taken to use high polished surfaces, it is known that non-stationary convective instabilities can become dominant in the sense of both larger growth rates and lower critical Reynolds numbers [31] .
An allowance for non-stationary modes would then necessarily lead to the onset of absolute instability which is also a potential area of future interest.
